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A differential equation: is any equation which contains
derivatives, either ordinary derivatives or partial derivatives.
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Here are a few more examples of differential equations.
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The order of a differential equation: 4:l-alill Aalaall 45
is the largest derivative present in the differential
equation. In the differential equations listed above

(1), (2), (4), and (5)are second order differential
equations, (3) is a third order differential equation and (6) is
a fourth order differential equation.

Exercises : find The order of a differential equation
y=+2y +y=snx
Yy + a(x)y = blxz)y" n#1

-y + plx)y = 0
dy/dz = (y+1)" fedu/de + (14 2)du/de = (142 + y)u°



http://tutorial.math.lamar.edu/Classes/DE/Definitions.aspx
http://tutorial.math.lamar.edu/Classes/DE/Definitions.aspx
http://tutorial.math.lamar.edu/Classes/DE/Definitions.aspx
http://tutorial.math.lamar.edu/Classes/DE/Definitions.aspx
http://tutorial.math.lamar.edu/Classes/DE/Definitions.aspx
http://tutorial.math.lamar.edu/Classes/DE/Definitions.aspx

degree of a differential equation: asad 43 )

dulalint) is the power of its highest
derivative.

Example: Find degree of a differential equation

'd:{y dy d?
dr? +dx (5) UE + e¥ has order 3. degree 1

d- d
_y + g sine 15 of order 2 and degree 3
dr? dr

47y'+12n'+3 =0  Has order 2 and degree 1

2Evi+d =73 Has order 1 and degree 1
-




Exercises :
Find the order and degree, if defined , of each of the following

differential equations :

(|)——cosx =0

dy dy
{u}xydx:er(dx —ya—{]

i)y +y2+e¥ =0

(V) yI:.ﬁ::l = g — 3




A linear differential equation: il Liau dalaal
is any differential equation that can be written in the
following form.

0, (1) )+ a, (1) (1) 1) (1) au 1) y(r)=
A solution to a differential equation: akall dlali Aseall Ja

Example | Shor tha ( sasohtonto 424 'y =0l

Solution We'll need the first and second derivative to do this.

3 .3 15 I
yix)=—Zx? yix)=—x3



plug these as well as the function into the differential equation.

T 5 =
£} 22 [?I i]+12x[—§x §]+3[;‘: ET]:E]
_= _= _=
15x 2 —18x 2 4+-Zx 2 =1
0 =

So. y(x)= .7 does satisfy the differential equation and
hence is a solution.

Exercises : show thatl

1-  xy= E}{H + ( isasolution is :i

1
—|—;}-'r—:l{

- | : C e :
2 y=ce 2 -I-E(Zsmx—ﬂﬂs,t] s a solutionis y' + 2y =sin x is

1 7 . . y |
3y =x+3 (x+c¢)’ isasolutionis /2 _4(y/ — 1)






Matrix : 44 s8a4ll
In mathematics, a matrix (plural: matrices) is arectanqular array
of numbers, symbols, or expressions, arranged

in rows and columns. For example, the dimensions of the matrix

below are 2 x 3 (read "two by three"), because there are two rows
and three columns:

m-by-rn o matnx

i -
FoWwW S

20 5 -6

[1 9 —13] a;; ncolumns SRS
a \ - = =



https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Rectangle
https://en.wiktionary.org/wiki/array
https://en.wikipedia.org/wiki/Number
https://en.wikipedia.org/wiki/Symbol_(formal)
https://en.wiktionary.org/wiki/row
https://en.wiktionary.org/wiki/column

Types of Matrixes:

There are several types of matrices, but the most

commonly used are:
eRows Matrix
eColumns Matrix
eRectangular Matrix
eSquare Matrix
eDiagonal Matrix
eScalar Matrix
e|dentity Matrix
eTriangular Matrix
eNull or Zero Matrix
eTranspose of a Matrix

8 shall 48 gding

3lac Y| 48 ging
dlilaticall 48 gaiaall
day yall 48 g8 nll
g yladll 48 e nll
40222]) 43 g4in4ll
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Row Matrix:
A matrix is said to be a row matrix if it has only one row.

B A=[1 2 3]

Column Matrix:
A matrix is said to be a column matrix if it has only one column.

3

Rectangular Matrix:
A matrix is said to be rectangular if the number of rows is not

equal to the number of columns.
1 3 4]
A= ]
EX: 2 g 2




Square Matrix:
A matrix is said to be square if the number of rows is equal to
the number of columns.

1
EX: B= |5
1

o o W
T o

Diagonal Matrix:

A square matrix is said to be diagonal if at least one element
of principal diagonal is non-zero and all the other elements
are zero.

EX:




Scalar Matrix:
A diagonal matrix is said to be scalar if all of its diagonal
elements are the same.

EX: A=

o O
s R o I
o O O

ldentity or Unit Matrix:
A diagonal matrix is said to be identity if all of its diagonal
elements are equal to one, denoted by |I.

{ o 1 0 0]
EX: I={ }7I=

10
0 1
0 1

0
0




Triangular Matrix:
A square matrix is said to be triangular if all of its elements
above the principal diagonal are zero (lower triangular

matrix) or all of its elements below the principal diagonal are
zero (upper triangular matrix).

1 0 0
EX: Lower Triangular Matrix A= 1|2 4 o0
|3 5 6]

Upper Triangular Matrix B—

= = N
el
=] ba G




Null or Zero Matrix:
A matrix is said to be a null or zero matrix if all of its elements
are equal to zero. It is denoted by ( O).

o 0 0 O
ﬂ‘:nﬂ,ﬂzﬂﬂﬂ
X h : 0 0 O




Transpose of a Matrix:
Suppose A is a given matrix, then the matrix obtained by
Interchanging its rows into columns is called the transpose of A .

yb detoned siﬂT




Adding and subtract matrices: U siadl 7 by pas

Matr< addiion is fairly simple, and is done entry—
wise.

® Add the following matrices:
0 1 2 o 5 4
+
o 3 r 3 4 5
| neaed to add the pairs of entries, and then

simplify for the final answer:

Il 1 = o s = =} 2+ & 1+ 5 4 <

= = = 4 5| |94+3 244 F45|
So the answer is:

S & "

122 12 12




Subtraction works entry-wise, t0o.
® Given the following matrices, find 4 — Band 4 — C, or explain why you can not.
-1 2 0 0 4 3 0
.."11: _E = C:
0 3 6 9 4 -3 9 A
A and B are the same size, each being 2 = 3 matrices, so | can subtract, working entry-wise:
-1 2 0] [0 -4 3
A-F= —
03 6] ¥ 4 =
-1-0 2-(-4) 0-3
_[]-9 3-[-4) 6-[-3)

[-1 244 =37 [-1 6 -3
-9 344 6+3] [-% 7 9

A - Cis not defined, because A and C are not the same size




Example:

® Find the values of xand y given the following equation:
-3 x 4 6 1 7

s —
2y 0 -3 1 = 1

First, I'll simplify the left-hand side a bit by adding entry-wise:

3 x| [4 &) [-3+4 x+6
2y 0| [-3 1] |2y-3 041
1 x46] |17
2y-3 1 -5 1




x+ 6

I:

2V —

2y
y=-1

—5







Matrices multiplication: — <l sasll @y

“Formula” of Scalar Multiplication (Easy Type)

Scalar c
‘ ‘ & dy o5
el = o £y 38 ar 38
'ﬂ“.’-' EIE EIS'

cla) cla) cla)]
A = CIIEI_,f:I r:[.:zjjl r:[-:}:ﬁjl
ola,) cla) efa)

Scalar c is being multiplied to each entry or element of Matrix A




EXAMBLE: Given the following matrices, perform the
indicated operation. Apply scalar multiplication as part of
the overall simplification process.

5 2 0 Find: 1- 24
. ) 2- —3B.
A=|7 -3 4 3- —2D + 5B.
-3 2] 4- 2A+5D

5 1 2
B=

=3 6

6 -2
[ =

30




then 24 is solved by...

2.4

2A=

20
3 4
3 2
2(2)
2(-3)
2(3)
4
—6
6

3 =3 [~
i
I L
= = e =




Matrix to Matrix Multiplication.
The number of columns of the left matrix must equal
the number of rows of the right matrix.

Left Matrix

AB
RinhtTHutri:
Matrix A Matrix B
3 columns
2 columns l l l
[—5 1 |&—— . "6 -1 4 -
A=10 2 |< rows B=[0o 1 -5|<— 3rows

L7 TUe— '8 0 0]




Example: Given the following matrices, perform the
indicated operation which is to find their product.
-5 2 0] Find: 1- BE
2- —3BC.
d=\7 -3 4 3- CA + AC.
-1 3 7 4- EB-B
& 1 1
B
-3 6 7
- . -
o1 8] T ° .
—11 Il
C=] 6 -14 12 B -
a5 1




-11 7
-5 1
s 1 2
BE = 0 2
-5 6
=11 7

{— 62 24

Final Answer!
—52 46




Transpose of a Matrix: 48 gainall (J 81
The transpose of a matrix is a new matrix whose rows are the columns

of the original. (This makes the columns of the new matrix the rows of the
original). Here is a matrix and its transpose:

5 4 3\ 5 4 7
<4u4>=<4 nm> T
7 10 3 3 4 3 1 2 3




Determinants Calaaaall

A determinant is a square array of numbers (written within
a pair of vertical lines) which represents a certain sum of

products.

1- Calculating a 2 x 2 Determinant:
In general, we find the value of a 2 x 2
determinant with elements a, b, ¢, d as follc

a b
- dzad—ﬂb

We multiply the diagonals (top left x bottom right first), then subtract.

Example 1

la 1
2 3







2- 3 x 3 Determinants:

aq ET'1 |
as by o
a3 by c3

is called the cofactor of a, for the 3 x 3 determinant:

51’31
a, b

2 @
a3 by ¢
a; by e
' ' ! by e by e by o
as bs co| = aq —ao | +a
Yby ez by e3 by e
a3 by e3

Note that we are working down the first column and
multiplying by the cofactor of each element.




Example: Evaluate o 3 _ql

a -1 4
4 -8 2

Solution: -2 3 -l T R R T

» -1 4|=-] -) +4
P &2 -8 2 -1 4

= =2(-1)(2) - (-8)(4)] - 5[(3)(2) ~(=8)(-1)] +4(3)(4) ~(-1)(-1)
- -2(30) - 5(-2) + 4(11)

=—60+10+44

.
e




Inverse matrix:

1- Inverse matrix
2X2

Example:

Find the inverse, A~! of

2 -3
4= (4 —?)

Solution:
Method 1 is as follows.

[1] Interchange leading diagonal elements:

—7 — 2; 2 — —T

()

[Z2] Change signs of the other 2 elements:

—3 — 3] 4 — —4

(71 %)




[3] Find the determinant | 4|

‘2 _3‘ = —14 4+ 12 = —2

4 -7

1
[4] Multiply result of [Z2] by ——

“m (s 2)
:i :4 2)
o (3 5 —1. 5)




So we have found the inverse, as required.

Is it correct?
We check by multiplying our inverse by the original matrix. If
we get the identity matrix (I) for our answer, then we must

have the correct answer.

3.0 —lay /2 —3
A4 =
( 2 -1 ) (4 _T) Exercise
f —10.5+10.5 Find the inverse of
1 —6+7

(5 %)

=(§:
(o 1)




2- The inverse of a 3x3 matrix is given by:

adjA
 det A

A—l

Example: Find the inverse of the following by using the adjoin matrix
method.




Solution:
Step 1:
Replace elements with cofactors and apply + and -

+(-15) —(12) +(-12)
-(19)  +(6)  —(-59)
+(=21) —(-15) +(15)

-1s 12 -12
=\-19 6 59
=21 1b 15




Step 2
Transpose the matrix:

—1s —19 21
adjd =\ —12 G 15
—12 29 15

Before we can find the inverse of matrix 4, we need det A

5 6 1
0 3 —3 =5(—15)+ 4(—21) = —159
4 —7 2

Now we have what we need to apply the formula

FE adj.A
- det A

S0




adjA
det A

—15

—12

—1

1
- —159

0.094
0.075

0.075

_c‘]__l

Exercise:
Find th

Inverse of

—19 —-21

i 15

29 15

0.119 0.132
—0.038 —0.094
—0.371 —0.094







1- Cramer's Rule to Solve 3 x 3 Systems of Linear
Equations: al S ARy ey i) cNalaal) Ja

We can solve the general system of equations,
ar + by + ¢z = d,
ol -+ b‘?’y -+ CaZ — EEE

L ILH E -+ b‘g’_I_.ll' —+ CaZ — EEE




by using the determinants:

u'i:l El'l 7
dz ba e
dg El'g L]
v A
a; di o
Lo -ﬂ!g Ly
az dz 3
Y A
€Ly by dy
Lo bg -ﬂ!g
Clo EI';; -ﬂ!g
zF =
Fay

where




Example : Solution: 2 3 1

Solve, using Cramer's Rule: 1 2 3
2z + 3y + z=2 0 —3 1
T =
A
2 2 1
—3z —3y+2z=0 -1 -1 3
-3 0 1




Checking solutions:
[112(4) +3(-3) +3=20K
21 -(4) +2(-3) + 3(3) =-1 0K

3] -3(4) - 3(~=3) = 3=00K

So the solution is (4, -3, 3).







2- Matrices and Linear Equations: <\ giaallc 4bil) cialeal) Ja

Example : 3x3 System of Equations
Solve the system using matrix methods.

r+ 2y — =z =06
3r+ oy — z = 2
—2xr —y — 2z =4

Solution: we find the inverse of A to be:

2.0 -0 -19
A= -4 2 1
-3 La 05




So the solution to the system of equations is:

X=4a'c Check
5o =25 —-1.5 i
- ( -4 2 1 ) (?) 22+2(—16)—(—lﬁ):ﬁ[ChECk5 OK]
—3.0 1.5 0.5 4
(22) §29) - 5-16) - (-16) = 2 Checks OF
— | —16
16 —2(22) - (lﬁ) - 2(—16) = 4{Checks OK]

s0fhesolutionlsz =22 y=-16andz = -16




Exercises: Find the currents using matrix methods.

I, + I, + Is 0
| —21,+31, | = | 24
31, + 614 0

Iy+1Ig+1o=0
. o — 5Ip — 6
5Ip — I — —3







Linear programming:  4ss_ll
iadaall
Definition of LINEAR PROGRAMMING
: a mathematical method of solving practical problems
(such as the allocation of resources) by means of linear
functions where the variables involved are subject to

constraints.
Linear programs are problems that can be expressed in canonical form as:

minimize  ¢'x
subjectto  Ax<b
and x20 A\

feasible
region



https://en.wikipedia.org/wiki/Canonical_form

Standard form is the usual and most intuitive form of
describing a linear programming problem. It consists of the
following three parts:

« A linear function to be maximized
eg. flz1,x2) =a1m + c2x2
« Problem constraints of the following form
e.q.
aji®; + aaes = by
anTy + anpry = b
az T + azgrz = bs

« Non-negative variables

eq.




Example 1: A store has requested a manufacturer to produce pants and

sports jackets.
For materials, the manufacturer has 750 m? of cotton textile and
1,000 m? of polyester.
Every pair of pants (1 unit) needs 1 m? of cotton and 2 m? of
polyester. Every jacket needs 1.5 m? of cotton and 1 m? of polyester.
The price of the pants is fixed at $50 and the jacket, $4o0.
What is the number of pants and jackets that the manufacturer must give to
the stores so that these items obtain a maximum sale?

SOLUATION

1- Choose the unknowns. 2-Write the objective function.

number of pants

]
I

f(x,y)= 50x + 40y

vy = number of jackets



https://www.vitutor.com/alg/linear_programming/linear_programming.html

3-Write the constraints as a system of inequalities.

To write the constraints, use a table:

pants jackets available
cotton 1 1,5 750
polyester 2 1 1,000

x + 1.5y < 750

2x + y = 1000

As the number of pants and jackets are natural numbers, there are two
more constraints ,, = p

v = 0D



https://www.vitutor.com/alg/linear_programming/linear_programming.html
https://www.vitutor.com/alg/inequalities/systems_inequalities.html
https://www.vitutor.com/arithmetic/natural_number/natural_numbers.html

Example 2:

A company is involved in the production of two items (X and Y). The
resources need to produce X and Y are twofold, namely machine time for
automatic processing and craftsman time for hand finishing. The table
below gives the number of minutes required for each item:

Machine time Craftsman time
Item X 13 26
¥ 19 25

The company has 40 hours of machine time available in the next working
week but only 35 hours of craftsman time. Machine time is coasted at £10
per hour worked and craftsman time is coasted at £2 per hour worked.
Both machine and craftsman idle times incur no costs. The revenue
received for each item produced (all production is sold) is £20 for X and
£30 for Y. The company has a specific contract to produce 10 items of X
per week for a particular customer.

Formulate the problem of deciding how much to produce per week as a
linear program.



Solution:

Let

X be the number of items of X
y be the number of items of Y
then the LP is:

maximize

o 0x+30v- 10(machine time worked) - 2{craftsman tume worked)
subject to:

o 13x+ 19y ==40{60) machine time
o Jx+ 29y <=33(60) craftsman time
o x>= 10 contract
] }[:F}zﬂl




Exercise:

A company makes two products (X and Y) using two machines (A and
B). Each unit of X that is produced requires 50 minutes processing
time on machine A and 30 minutes processing time on machine B.
Each unit of Y that is produced requires 24 minutes processing time on
machine A and 33 minutes processing time on machine B.

At the start of the current week there are 30 units of X and 90 units of
Y in stock. Available processing time on machine A is forecast to be 40
hours and on machine B is forecast to be 35 hours.

The demand for X in the current week is forecast to be 75 units and for
Y is forecast to be 95 units. Company policy is to maximize the
combined sum of the units of X and the units of Y in stock at the end of
the week.

Formulate the problem of deciding how much of each
product to make in the current week as a linear program.



Solution

Let

X be the number of units of X produced in the current week
y be the number of units of Y produced in the current week

then the constraints are:

o x+ My <=40(60) machine A time

3x + 33y <= 33(60) machine B time

x>=13-3(

¢, % =43 50 production of X »= demand (13) - inutial stock (30), which ensures we meet demand
y>=93-90

¢.v>= 350 production of Y = demand (99) - it stock (90), which ensures we meet demand

The obyecttve 15 maximise (x=30-73) + (y=90-9) = (xy-30)




P L.,SJ\-;MJ il aij\




The methods used to solve the model for linear programming;:
Akl Zae ) z3lad Jal Aerdiivall 5kl

1- Graphically Method: Al 4, Hlal)

Example 1:

Using the graphical method, find the solution of the
systems of equations

y+x=3

Yy=4x-2

Solution:

Draw the two lines graphically and determine the point of
intersection from the graph.

From the graph, the point of intersection is (1, 2)




ar— 2

}?:

v=—x + 3

—




Example 2 :find the feasible solution for the problem of a
decorative item dealer whose

is to maximize profit function.
Z=50x+ 18y (1)

Subject to the constraints

a4y Z 100

w4 0w =30

Step 1: Since x=0, y=0, we consider only the first guadrant of the xy - plan
Step 2: We draw straight lines for the equation

2x+y =100 (2)

X+ vy =80




To determine two points on the straight line 2x + y = 100
Puty =10, 2x =100

=Xx=20

=(20, 0) 15 a pointon the line (2)

putx=0in(2), y =100

=(0, 100) 1s the other pointon the line (2)

Plotting these two points on the graph paper draw the line which representthe line
2x+y =100.




y

R4 R

(0,100} -

(0,80)A

(0 D)[C 50,0} -




I

Example 3: Solve the following LPP graphically using ISO-
profit method.

Maximize £ =100X + 100y

Subjectto the constraints

100 + Sy = 80
G+ By = oo

4% + By = 24

Sx 4+ 6y = 90




I

Suggested answer:

Since *20.¥z0, consider only the first quadrant of the plane
graph the following straight lines on a graph paper

10x + 5y = 80 or 2x+y =16
6X + 6y =66 or x+y =11
dx+ 8y =24 or X+2y=6

5x + 6y =90




bt

B0 (60) (80) {110
a ; Q2

&

.

[18.0) -




Example 4 :

" 4x, +3x,= 120

Maximize Z = §70x, + §20x, 20 b
subject to: Ix, +2x,£ 40
4x, + 3x,< 120

X',XJZO _» Optimal point:

x, = 30 bowls
X, = 0 mugs

Z=$2100

it

10 20 30 40 x

Optimal Solution with Z = 70x, + 20x,




Example 5 :

Minimize Z = $6x, + $3x, X, = 8 bags of Crop-quick
subject to: 2x, +4x,2 16

4x, + 3x,2 24
X, X, 20

| L |

K B

o N -- e’ @™

Optimum Solution Point

e




Example 6 :

Maximize Z. = 4x, + 5x,
subject to:  x, + 2x, £ 10
0x, + 6x, £ 30
X, <4
X, Xy 2 0

Optimal Solution Point




Exercise:
1- Maximize C =x +y given the constraints,
y =0
X >0
4x +2y < 8
2X -y <0

Maximize Z=30x, + 3x,
2- subject toe Ix, + 2x,= 40
dx, + Ix,= 120
Xy Xy = ()




3- Use the graphical method to find the optimal solution(s) of the given LP.

min z= -g-x1+2x2

S.L. x| + f;-xg > 8
0t x >4
%20
max .2
4- s. L.

Const]l x;, +x, < 4
Const2 5x; + 2x; < 10
Const3 —x; +4x, =0
X1, % =0

a) £ =x, + x3
b) £ =2x;, +x,
¢) £ =3x; +x;







Forms of Linear programming Models:

1- General Form of Linear Programming Model: dalall drpall

Model linear programming generally consists of:

ra

o

a. x <==>p.

Max }gfl o I

n =12 3 ... T
or Z=ch.xj i=1.2.3._....m

J=1

x -=0
Min J
.-:.L'll;eiln {xij} .L__ﬂ_g -:-:Ltg‘__:;:i (ﬂ, h, 'i:) .L_'_j\ —= ]




2- Canonical Form of Linear Programming Model: 4xall
4 5ilall

1- Objective function (Max (only)).

2- Stuck restrictions (<) only.

3- Model linear programming Canonical consists of:

Max Z:chxj
=1

>ax;,<b
=

i=123._...m
i=12.3......n

X .=0
J




3- Standard Form of Linear Programming Model: dulill Ll

1- Objective function (Max or Min).

2- Stuck restrictions (=) only.

3- Add slack variables (+S) Non-negative. Add (+S) if Stuck restrictions (<)
and Add (-S) if Stuck restrictions (=) And don't add anything if (=).

4-The right-hand side of the constraints be non-negative bi>0

MEL%’.Z Ziﬂj.-'{j +0+Sj-

5- Model linear programming i
Standard consists of: s a,x,+0. S;-b_
J=1 I

=123 .....m

j=1.23__..n

>
J:J_U

S:=20




Example : Transfer the G. L. P model to:
A ) Canonical form? B )Standard form ?

MinZ =2X, +4X,

St
3, X, =8 1
55X, + 2X, =3 .2
4X, X, =6 .3
X, X,| =10 4

x]

X, =0

)




Solution: (A)form Canonical (B)form Stander
Max~-7.=-2X, -4X,
S.t
X, - X, €8 .1
+ 5X, = 2X,£-3 2
4X, = X, £6 3
-4X, + X, = -6 4
X, - X, 210 5
-X, + X, 210 .6
X ,X, 20




(B)form Stander

MinZ = 2X, +4X,

S.t
3X, - X, +85, = 8
- 5X,+ 2X, +85, =3
4X, — X, =6
X, — X, + S, =10
- X, + X, 5,=10 ..
X, ,X, =20







The Simplex method : 4& kl
gu&.ud\)w\
1- Solution of (L.P) Model with Maximization Objective
Function. alaati & gb (pe Bl Ally Js 8 gl s

Example 1 : Find the optimal solution for (L.P) model using
Simplex Method?

(Max. Z=30X,+ 18X,
St.:
X+2X, <200
3X+2X, <300
X, <150
X, X220




Solution:1-
Max. Z- 30X, -18X5- 0S;- 0S,- 0S;=0

N B
X +2X5+S, =200
3X]+2X2+ Sz = 300
X+ S;= 150

X1, X2,81,S2,S3=0

Table 1 :‘é_{\'\ );.’ﬂ‘ g,_\.c c",.‘_’y\ Jd= d_,.l_j. Aean e,
Non - Basic Variables (b:) culetht | -t

Basic Variables

S. R.ILS Ratio

52
z AR 0 0o 0 0 -
0




Table 2

Non-Basic Variables (b") - ,:Jl

Basic Var.




Example 2: Find the optimal solution for (L.P) model using
Simplex Method? p\fax 7=3X +5X5

S.t.:
2X,+3X, < 30
5X;+4X, <60
X, X>>0
Solution:
Max. Z=-3X1-5X_1+OS[+OS_1= (

St
2X|+3XZ+ Sl =30
5X]'|'4Xg+ S_‘.g = 60
X, X3, 81, 8,20




Tglble |

Non-Basic Var. (b} ) a1 )
Basic  Var.
S, RS Ratio
Z -3 0. . .0 Bl ook sl e

o s BB\ 1| e

$as8) ial Sistlipdl g8l padl




Table 2
Non-Basic Var. (b)) ol
Basic Var.
X %= S B R.H.S
z 1 o 32 o 50
................... 4--3. 3 BTV [V
X; £ TR Sl 10)
3 3
7 4
3, ! 2 20
3 0 3 :
=0, X5,=10, 7 =50 is Optimal solution




Exercise : Find the optimal solution for (L.P) model using
Simplex Method?

Max. Z= 6X,+8X,+2X;
S.t.:
X+ X5 <2
X+ 3 X3 £6
X, <1
X,, X, X320







1- Solution of (L.P) Model with Minimization Objective
Function. Jalii g g3 (e gl Al Jla 8 73 il s

It is by one of two methods

(Big-M) method 38 (M) disyha .1
.(Two- phase) method (yils jall disyls .2
1- (Big-M) method: add Artificial Variables to side

Slack Variables

Example: Find the optimal solution for (L.P) model using
(Big.M)Method: Min. Z=2X+X,
S.t.:
X;+3X, =30
4X,+2X, =40

e i




Solution: 1- Min. Z=2X+X,+08S, + 08,
S.t.:
X]+3X1 - S[ - 30
4X]+2Xj - Sg =40
X1, X5,81,8,20
2- add Artificial Variables to side Slack Variables

Min. Z = 2X+X, +0S,+ 0S, + MR, + MR,

S
Min. Z = 2X+X, +0S,+ 0S, + MR, + MR,
S.t.:
X1+3Xg - S] + R] = 30 .............. (1)
4X 42X, -S,  +Ry=40......... 2)
X, X5,5,S8:,,R,R:=20
M: Is Very Big




Table 1

Basic Var, Non-Basic Var. el | Ll

S| SZ R— R, [ RH.S | Ratwo

0 0

0

gos#! «.J»*‘ syl g5 il

q)




Table 2

Non-Basic Var.

Basic Var.

! gl

R.H.S
10+ 20M




Table 3

S Rt g A S S =1
Non-Basic Var. OR U
Basic Var. [
X % 8 & B R |KHS
7 0 @ 2 M A3 2
2 2
[ i R
woele g2 X 2 ud | 3§
5 10 5 10

X;=6,X,=8, Z' =20 is Optimal solution




2- Two-Phase Method

Example : Find the optimal solution for (L.P) model using
Two-phase Method?.

Min. Z=2X,+ X,
S. t.
X+3X, =230
4X,;+2X5 = 40
X, X520 Min. Z = 2X+X,-0§,-0S,
Solution: first cases: 1~ St
X|+3X2 - Sl =30
4X[+2Xg - Sz =40
X1, X2,81,520




X+3Xy- S+ R= 30 ................ (1) |
4}{[4‘2}{1 - 51 T Rg =40 ..o (2)
X;, X3,51,8,R,Ry20

3- New Objective function

r=R,+ R, —> Min




_Table 1

Non-Basic Var. ORI P

Basic Var.

X, S S5 Ry R, |RHS Ratio




Table 2

Basic Var. Non-Basic Var. ORIU I 9] |

S] Sz R| R: R.H.S | Ratio

i F @ 215 | -
4




Non-Basic Var. el | 2

Basic Var,

da 35ag o elld Ju Laa oG£ 0) o pidly ofr=0) gl Ay dad ) L

Al gy Yy iz gall
e ———




Second cases:
3l s o)

2as - A Ayl e B Jgaalls 3led) Sl bl Jal) sl slael L]
cJsaadl e (1) Gaedl Alag ¢(Ras (R)) elibhial) @l puitiall slasind

i Al ((Z) bl Caagl) Al el L2

Non-Basic Var. (b ) ol )
Basic Var.
' X X: 'S S5 | RHS
/ 2 ] 0 0 | 0
X, 0 e b X
5 10
X, 1 0 SR ¢ 9
5 10




Table 5

ey
Basic Var.
Z.

.-. RHS
o it L3 20
2
% 0 T e Yok 8
5 10
X, 1 o ! 3 6
5 10
X;=6,X,=82 =20 is Optimal solution




Q1 Find the optimal solution for the following (LP) model by using
Big M method
Min. Z= 6X,+4X,
Subject to:
X]+Xg >4
2X;+3X,<8
Xi,X220

Q2/Find the optimal solution (L.P) by using )two-phases method
Min. Z=3X,+2X,
Subject to:
X+X; =22
2X+3X;5 <8
X, . X, 20







Duality in Linear Programming: il s 8 4500
To each model by linear programming ( a Primal model)

there is a model is called a (Dual model).

1- Primal Problem:  4s¥! alll
Maxx, = Zlcj.xj.
J:
S.1o:

n
ZHU.KJ. <b i=12.m
=

x; 20 j=12..n




- Dual Problem: 4l dluall m
Miny, = Zb,r V.
=1

s.lo:

Zﬂﬂyj ¢, J=1l2..n

=1

y. 20 1=12...,m

Ex(1) If the Primary model for LP as the following
Max zg = x;+2x>+3x3+4x4

S. 10:
X +2X,+2X3+3x4 < 20
2X,+X,+3x53+2x, < 30

X1, X2, X3, X4= 0




b WS (dual) AU &3 gaill 2
Min Zy= 20y,+30y, AT AR

S. 1o:
yitly, =1
2yity, =2
2y, 3y, 23
3y 2y, >4

V1,220

\hO




Example (2) Write the Duality model for (LP
Max Zy= 5x, 16X,

8. to:

X;19x;, £ 60—y,
§X1+2X,13X,5 455 v,
2%, 20— ;3

X; <30-vyy

X] ,I{QE 0




Min Zy= 60y;+45y,+20y3+30y,4

S. 10:

}']+2}'2+ 5}'3 '|'}"4 = 5
Oy1+3y-2y; =6

Vi, ¥2,Y3,¥42 0




(3) Wirite the Duality model for (L.P)

1- Max . —5Sx 1+ 12x-+Adx4

= res SOLUATION

X, +F2x,+3IX,

I
U

H
N

Miﬂ E}-: 5}"1"‘2}72

M. KXo, X3 = 0O

S. LO:

}i"]+2‘j.-"g =5
2y;-y2 = 12
3}’]"‘3}"2 =>4

vi1= 0, y-» unrestricted




Exercise:

1- Max Z.—x,+X- 2- Max Z,.=3x,+5%,
s. to: . to:
+ < 50
311+}{1+R_:|. = 5 ZXi+6xz =3
4 Ix;+2x> < 35
Ki-X~rt+X,=
172 3 5%,-3%x> < 10
-X1-2X, =< -1 X> <20
X1, X2, 332[} X1, X220




Exercise: For the problem (L.P) Model find:
1- The Dual Model?

2- Solve the problem using Dual simplex method?

MaxZ, =30X, +18X,
s .t
Y X +2X, <200 ...1
Y, 3X+2X, <300 ...2
Y, X, <150 ...3
X,X,>0




P QA\.S]\ &ﬁuY\




Transportation Models: gzl
Jaill

Definition of Transportation Model:

(j) a@sd A (i) sraddl (o Jaitn Al Gilas gl e JiaY) 202ll paaT 68
L SGN JSEIL Jail) 23 gal dapa iS5 ¢ ¢ ) AiSae 4K JBL

Minimize X, = i Z C, X,

=l =1

i X,;=a, 1=12,.m
=1

i X;=b j=12,.n

=

X. =20

w




e Lanse i g i 2 0D gl el i il A A
Baal gll Bas gl) JaI 48NS I'l:3, m=2
TO 3._|.qﬂ'|
D, D, D; diiag pall
From Supply
" Ch Cia Ci3
) S,
u\Aj: X] | Xm X]_i',. d
Jasin Cy; Ca Cy;
52 X1 X X3 a
Demand b, by b;

mi‘l._i.:..j__).:_u.nlll X el = il

X, =22 .Cy X,

=1 =l



Balancing of Transportation Model: #3543 )) s
o) il g 3gad slall Cigadl (o e

Y b =YX X)=Y X X)=Da

j=l =l =l =l j=1

gl IS dgllaal) Bl (gl ol g poliaall maen b Auday yeall Bl () ing

Lagyall 28l 08 8 3] ol il oyl s anl) adlsall dpuilly Japlll 12 (Sl
* ‘unbalanced' (jlsis s zipadl O Lyglhaall L o S sl




(;ﬂﬂ -;bf} Gogllaall LaaSll ae A prall AaaSl (gslucty O3lgall Jajall o) SO
lebea HISYL Rlee Allie (g1 8 @lld o a2l oK1y il gll o ghail Laga Jaj
Agslhaall AuaSl (05S5 Laied allall aa iajall Lead (gslody Al ) Lebigany 35355

sle Jars Dummy source ety sias IS Jyoal Ciliay g jaall e Sl
(ij=Zﬂf) lylsie s Saall lesd Joan ) 35S aeas
i i

by adse il Miie Lagpdl e el Aglhall Ll csl€ 1YL
lajlaie Jlly A8l A jaall LSl (abaial e Jaaz Dummy Destination

sl Jrad) (Cy) saalsl sasgll Jall cadlss oL Sw of & (202, 2.b)
i j

38 e lasgdl 2ae @ JB oaae ) SIS WY jhea (gild adlsal) anes )
Sold arsll algall I oliasdl (e 3aslsll sasll Jas 4SS 5685 Jialliy ¢ ol
. Yua




Solution Technique of Transportation Model: J&ll z3sai Ja < s

1- Solution Starting Basic Feasible: Ay oula¥) Jadl slal

J sa8all
1ot 5 nall ) Jall ey (5 5k ¢ sllia

Northwest- Corner Method 20l el (Sl &yl -1
Least Cost Method 4i€ae 44IS Jil 42k -2

Vogel's Approximation Method (VAM) Ja g diyk -3




1- North West —Corner Method: - il Sl 44, )k

A
Example1:  Find the solution starting basic feasible to
transportation model .
0 D, D, D, D, Supply
Fro
S 10 0 20 11 15
S5 12 7 9 20 25
Sq 0 14 16 18 3
Demand 5 15 15 10 45




Solution:

J 10 15-10-0—0
d I5] 5 25-20-5-0
J > 0
> 15 151 10
J J
0 0

Jpsaall A b)) Jall 05S5 Al (Rngall) Al ) Slputiall dae sy 1y

cai il e ag (mn-1) saelall s Siljiate A
X11™ 5}{|g= 1{]}{12=5133= 15}{24= 5 X14™— 5

lad (35S ) s2a e Talaicls

Xo= 5(10)+10(0)+5(7)+15(9)+5(20)+5(18)= 410







2- Least cost method

Example2: Find the basic primary solution of

0 D, D, D; | Supply
Fro
S l 2 b ]
57 () 4 2 12
S; J 1 5 [
Demand | 10 10 10 30




Solution:

1 2 7 6 7 0

10 0 4 2 2
1220

3 10 |1 1 5
1110

10 10 10

0 0 8

7

0

]'{]3:9 }{glzlﬂ 31322 132=10 133:]

055 Ciagl) Ala dady

xo= 7(6)+10(0)+2(2)+10(1)+1(5)= 61 units

AR




3- Vogel s Approximation Method:
ikl 03] i) Cilghadll b Lad (2 jeiy
RIS Jgan e agee IS ey e S e oIS jral on @l Gl - ]
Penalty cost eljall 4alS) 3yl 138 ang
Ula iy el o s2ae¥ly Cigall shiall S e SV Gl s -2
Lilgie 3 oY bl ygeall ff chall Jds gl any gl
0S5 53 el A Janadi 3 HSY) il dgeall gl Chuall wasd 2y -3
L S Laaddl Ll & gl agaally Chall b 4 oSa Lo 4l 4K
i) adl dala vl dali
Al 25 531 gl D e gana eanal (53 dganll ) Chall Cibai -4

YYY




e Amg el Glasgll auas g5 o I ety odlel dan)Y) @ilshall < -2
g gllagll Calas gl
2 a8y JEall e disylall odgd guls L Lads

TO clad) AalS
Fro D1 D2 D3 Supply i el
S, |1 2 6 7 111
7 0
S| 0 4 2 2 2 4 -
2 10 0
S, |3 1 E 11| 222
1 10 7 1
10 10 10
demand ? O lg
Blac ] f-b::- —als 1 1 3
1 | -
2 1 -

Minz=7*(1)+2(0)+10(2)+0(7)+1(B)+10(1)=40




Exercise: Find the basic primary solution of by:

D1 D2 D3|  supply

51 5 8 12

Y. 2 4 0 14

53 3 6 ] 4
demand 9 10 11 30

1- North West —Corner Method.

2- Least cost method.

3- Vogel s Approximation Method.






Testing of S.B.F.S for optimal solution: BENIERIEEN
JieYl Jall e J seanll J giiall 11 ol

) o Jil 7390 i 3 SBF.S il sny Al Al bl K5
Ka Lo 8 L1 A A3 A o (3,5 (gl i) ) e Jpaanll a1
Lty SBFS il ¥ ol L lad pasia Gige

Stepping Stone Methoc

Multipliers Methoc

YY1

el i - |
cpall Jalg G -2




1- Stepping Stone Method: gzl jludl 43,k
(SB.ES o6 Al dlb gl) Jill 3pes b gl oyl 2se ) s S0
Ugdd (e clandl W Lala) clpidy clidl o pady min-1 (gla
g il Ay sl i) Cid) Jicisy Gl g iy and

il Glpatie ) cluatall sda il o Lad Cangd) Al dad e duill] Sl
t e zaiall lall dsyhal Al ) Cilgladll (5K

il il Gyl degese e Entering Variable Jalall sl aaas —1
e S.BF.S 08 Al @lpatall degeaa (e Leaving Variable zlall uaiall
.H,,_MLJ e uie (S Closed 100p Blie slue i cJalall junall wass Jal
idgenll ) Adgeally AadY) Adlanal Cilesiisall {__Li O :.nyu e JLMH ;,,sa
. slaal Jﬁéﬂ Al h—u‘-mﬂ T s gh Lasi s

YV




11 2 6
7
0 4] ]2
2 10
30 s
1 10
Ll e clpsad) i) sl

X12 Xp —=2Xn—7X31—=2>X3p—=>Xn2
X13 Xp3 =2X3—=2X—=2>Xn1—=>X3
X2 X2 —X21—7X317X3—>Xn
X33 X33 2Xp32X9 X3 X33

Aol Aaail Agiliae 0685 o s bl Al ddlais o) Lale




Al sl Al (80 of oyl Ay A ) L
7o oo Bliall 3aslysonyg (gl dmga dad ) ool ) pidl A Jyni 2
) ddlaia L) elhely Jigaill 1 2y (Feasibility Conditions) Jsiall (sl
i g X il a1 D ladl &) el (o - ot Lee]
ol Bl Saalysany i x Wl ) by 30 0l gm0 Y 1 gl
ol Jlly sasly sang Jlokes Xy pial dad 2) Sy J) Chual yena

E.J:.'IJ dag Jl.l'li.q X1 ‘):ﬁ:IAM i...gli U.n;ilij q.\tﬁlgj J:.b dag _J'l.ll-h.'l n J:ﬁ:l.n” ';Aj
1,

yyAa




dam Gl AU Aed B gl J Rilall sl e B g o) g 3

Slo adlaall chlay) bk gy el jute )X uldd ) uadl o
e Jass 8 48y Jgtal) (e A iead Sljasdl

l512 =C, =€ +65 — 0y

=2-1+3-1=3

Gy = €3 = Cpy + €y, — €

=6-2+0-1=3

Ez.':::czz_czi"'cai_%

=4-0+3-1=6

Ciy =Cy—Cpy + 6, —Cy,

=5-2+0-3=0




xSy gl 2 e s A0S e g 11C1] 2 () o pann 1Y 4
Jidl 4 SBES J

Jal on S bl iy i e Al o o € o i 135
sy il a1 i) st clbuall o ey i) A dad ol
i) iy s cblall s gk

el W g Jle b Ly

A




Example: Find the optimal solution (TP) if m=3, n=3

5 1 g 12
2 4 0 14
3 0 7 4
9 10 11

Y Y'Y




SOLUATION:

1 g 0

5
) 10

2 4 0 14
3 11

3 6| | 7 4
T

9 10 11

('-;)':‘-‘-H Jlaal! d.t‘_).h.] ol Jgaall &..,J c_..a_,nn S.B.F.S ol 2 s oY)

Y YY




X31X3 X, X, 2 X X,
C,=8-5+2-0=5
X :X;z —> X, _}J‘;rl =X, X,
C,, =4-145-2=6
Xy 1 Xy = X, X X X,
C,, =6-145-3=7

XD Xy = Xy = X, > Xy > X,
€y, =7-34+2-0=6

Ji¥) dall S 10 A8y Jpall b mpdiuad) Jall e 3] Zunga ¢, ad paen

oS e JB1 Cangd) Ao A oaie (65 (g
Xg=2(5)+10(1)+3(2)+11(0)+4(3)= 38

AR




Exercise: Find the optimal solution (TP) if m=3, n=3

5 1 3 12
) 4 0 14
3 6 7 4

VYo




O adl gl Y g GGl & gul)




2- Multipliers Method

AV L ol aay gawa g & el Jalse Ayl Ll il gl

Cus oy el Gighall Gl Qe Cijas SBES J zland ae
(i=1,2,...,m)
(j= 1,2,...n) us vj juaially saee U

SB.F.S Jl 058 3 dplu) cysiall (e e JS1, . 2
Utvi=cy; Adal) Asladll oS
m+n-1= adlgll & CYalaall 03 230 () Sang

dad clach lels o Al sgladll 8 dardiiall c¥aleall da e Vi, U a8 7 A
Jalsall a8 gy Jalall s A aas Aggually Jalgall 038 2aY dacal il
bl (gl (g 4L

VYV




Uy Aad e dplid pill clidl i LY v, 0 cpdll e o a2
Jid A ad st il ae Ll i ) i) ol clga Lad Cangl
t) Cun el e june S Ll f Adlall 323

J oy Kl cllall oo i Yoo jia f dage o o gaes colS 13
If

i) 2 Bdie Al ol ot iginl 1) W L)) Jall 4 SBES
I

.G)ala.“ aaall w_r)]u ‘5 duhaal &l ghall ahadiuly i O\:J'IJ Jall

YYA




Example: Find the optimal solution to (TP)

| 0 4] T3
2 3 41 5
| 2 0 6
7 6 6 19
19

yYAa




35ie g 3l A S B Aoyl platinly 5yilia SBLES Ui i 2dall
X1y il panads 3 €33=0 €1 =0 ga S o) el dall e o) s
e o sl gl dal e duani il W1 gy xss
S o Gl dady ulad e X3 padl jiel 5 SBES Jl a3
mn-1 gl sy Aala) Syt 20 gind




0 4 2 8
7 1 0
2 3 4 5
1 2 0 6
7 6 6

Oyl b ad Jyd) ) Sl Jal) ) e A 5yl
Ll o il ) Mg iyl e B il (e
) iy sl colaal e guna S 8 V3 Vv 0 saaelly il

:L‘FAJ




= tv=0 = utvy... |
{313:111+V2—}4 =U;tVa...

C13:111+V3—}2 = ll[+‘f3..

I P T

’Cgfllgﬁfg—ﬁ = UytVi...

C=UytVi=0 = uytvs...5

(V3,V,V1) 5 (Us,l ) af swand o2 Y alaal)

Vi=2 V=4 vi=0 uy=-1 uy=-2 13 =0 ¢f paj




Seadl S paanall (K0 é, Al z Al gd Jalgall ad apaas das A0 Al 5kadll Ll
tsb WSy 15 Jsaall i sagasally Aaulud

3721:‘:21_”1_‘1
=2—-(-D)-
azazczs_“z_‘i
—4—(-1)-2=3
Ez.lzcz.l_”3_"i
=1-(-2)-0=3
Cyy =Cp — Uy — V,
=2-(-2)-4=0

o lals dunge ool 2l puan o) Ly
- Nl ey Jall J.s Cl
sJe 3)6Saall cilaglaall adly S Jganll

YEY




Vi= 0 Va= 4 Vi= 2

u=0 0 4] | 2 3
7 I 0

u=-1 2 3 4 5
3 5 3

U= -2 I 2 | 0 6
3 0 6
7 6 6

Wl dall Jaa 16 a3 dyoall b mpdiaal dall 5 g 20 i ol asas

i
Ssluitd aagll Alls dad

xg= 7(7)+1 (4)+5(3)+6(0)= 19




Exercise: Find the optional solution to (TP) un Balancing

\ 1 2 3 SUPPLY
S1 5 | 0 X
201 ) 4 (:
S3 ] ) ] ;

4 ) b ) ;

demand | I \







Assignment Problem: gayeaill 4Sis
Cun papdl S e VY e e Juel e m anads
Ajob=i=1.2,...,mJed
a machine==1,2,...,naxLl
one job per (&Sl K aly Jae) j AN o Jodd (auads @ Gy
S ) oSa e O st I e iy (o) anad) machine
(oS b 58l maay




) Jpall axi panadill A muiagly

AN 1 2 n
1 C1 C1 Cln |
2 Cio C» Con I
| | |

YY1 2 =JleY) 2 0 o) Y Janaddl) A5 Ja U8 (59 puall (e 4lld 1Y
. sanadill A ghas Joad el il e n! Glia o &b ey m=n




Identifying Specialization Model : 733« <y 5
- —aagll alla

Min(or Max) x, = ii Xﬁt‘;‘;m

=l j=l
s.to:

X =X;
i’%’:l
=1

,.I"




Assignment Methods : sasaiill 3

1- Different combination method: W& a1l g, )l

EX/1

n'=3'=3.2.1=6 javaiill Jasl i€aadll adlall 22e
(1) & Jsea
4| 1 2 3
| b 1 9
2 14 10 12
3 15 13 16




{2)1*5_} Jgan

) 2
Janl)
1
2 1
3
1
Xo= 15+10+16= 31
{3}95_,! BIREN
A5y 2
Janll
1
2 |
3

Xp=9+10+15= 34




2-The Hungarian Method: 4Kl 44, ,hll

O Al s (o5 anadills Jaile 4 sk o

Jsandl s ganll Al af 3L (0 290 (S (Cfj 4S)Aad jral 75k )
Agac JS A JBY) e aalg jia e

dpasll caall dlly od (Bl (10 Cia S (8 (Cfj 4iS)Aad jpal 7 ) Y

lasdivall (pa 22e JEQ(B{A;Y\}QM\)QR;SN\ Hlaay) dudary |

oda & L0 ¢ Joaadl saae] ol (agiim dae (5 gl Clag@ioall 2ae IS 1Y) €
Y e Y1 s Casiiall aae S 13 L) o sthaall Jall ) Uilea g 58 Ala))
Fﬂ‘ww)m\)h.\;hejmd&\o&@s‘uw\ddcdjhm
Llas ad ) Liiliza) ¢ Blarall pe adll aren (1o lga jla g 3laall e
S (32ec Yl 5 Cagiiall) 8 Al Hliial) ddard o Clagiiuall adal
G| PR ON | IFPRRYS



oy s (AL dalad) gl paaddl) sl DA e papadill sy @l 2y 0
Dtuall 4 ax g A Cauall Cladiy o g8 ¢ Caall 8 jliall (e dac
Aolal) A8 giiadl 8 CallSill a8 Gulad e A0S Cadlsall Cla 1

s dJaadla

Y g aly (2 gadl o) ZlYY) asdieil) A B4 jlaigd) A hall gadat aic
Jall i ghad (gaadal oy €l1d day ¢ Agd dad o) (e Jgaal) ad asan 7k
LOSA) gl




Example: find the specialization which is gave the less cost

by The Hungarian Method .
KOS 2 3
Jlazll
A 15 14 38
B 4 9 7
C 7 2 9




Solution: o e
3@4343"1‘&4?&3@"94}“4%9&@“&5M‘CJ& )

1 2 3
A 11 12 1
B o ~7 0
C 3 4] 2

Josadl A call lld ad aran (pa iia JS A Aad pal ok 2
sl Al dighall gbaasy) i g g 588N 8 3 ) 6l
r LaS, claiiiial) (ra (Saa 22 BBl il
2

1 3
A 10 11
B o 7
C 3 '¢) 2
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Exercise1: find the specialization which is gave the less cost
by The Hungarian Method .

1 2 3 4
15 18 21 24

19 23 22 24
26 17 16 19
19 21 23 17
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Cases of non-balanced: auadill AdSLd 45 yiadl e OV

Example: The very best allocation for technicians, so that
costs can be achieved the maximum of what can be, the

method Hungarian.
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Exercisel: find the specialization which is gave the less cost
by The Hungarian Method .
Gdl A B C
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1 1 4 7

2 8 3 1

3 5 6 =2
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Probability: 4llaisy

Many events can't be predicted with total certainty. The best we can
say is how likely they are to happen, using the idea of probability.

Tossing a Coin

When a coin is tossed, there are two possible outcomes:
) » heads (H) or

* tails (T)

We say that the probability of the coin landing H is /2

And the probability of the coin landing T is 12

Yy




Throwing Dice

When a single die is thrown, there are six possible outcomes: 1, 2, 3,
4,5, 6.

1
The probability of any one of them is —

6

Probability

In general:

Number of ways it can happen

Probability of an event happening =
Total number of outcomes

Y1¢




Example: the chances of rolling a "4" with a die

Number of ways it can happen: 1 (there is only 1 face with a "4" on it)

Total number of outcomes: 6 (there are 6 faces altogether)

So the probability = %

Example: there are 5 marbles in a bag: 4 are blue, and 1 is red. What is
the probability that a blue marble gets picked?

Number of ways it can happen: 4 (there are 4 blues)

Total number of outcomes: 5 (there are 5 marbles in total)
R
So the probability = = 0.8
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What is a Probability Distribution?

A probability distribution is a table or an equation that links
each outcome of a statistical experiment with its probability
of occurrence.

Probability Distribution Prerequisites

To understand probability distributions, it is important to
understand variables. random variables, and some notation.
A variable is a symbol (A, B, x, y, etc.) that can take on any
of a specified set of values.

When the value of a variable is the outcome of a statistical
experiment, that variable is a random variable.



https://stattrek.com/Help/Glossary.aspx?Target=Statistical_experiment
https://stattrek.com/Help/Glossary.aspx?Target=Statistical_experiment

Generally, statisticians use a capital letter to
represent a random variable and a lower-case letter,
to represent one of its values. For example,

X represents the random variable X.

P(X) represents the probability of X.

P(X = x) refers to the probability that the random
variable X is equal to a particular value, denoted by
X. As an example, P(X = 1) refers to the probability
that the random variable X is equal to 1.



Uniform Probability Distribution:

The simplest probability distribution occurs when all of the
values of a random variable occur with equal probability. This
probability distribution is called the uniform distribution.

Uniform Distribution. Suppose the random vanable X can assume k different values. Suppose also that the P(X

= ¥, Is constant. Then,

DX = %) = Lk



Example 1

Suppose a die is tossed. What is the probability that the die
will land on 5?

Solution: When a die is tossed, there are 6 possible outcomes
represented by: S ={1, 2, 3, 4, 5, 6 }. Each possible outcome is
a random variable (X), and each outcome is equally likely to
occur. Thus, we have a uniform distribution. Therefore, the

P(X =5) =1/6.



Example 2

Suppose we repeat the dice tossing experiment described in
Example 1. This time, we ask what is the probability that the
die will land on a number that is smaller than 5?

Solution: When a die is tossed, there are 6 possible
outcomes represented by: S=1{1, 2, 3, 4, 5, 6 }. Each
possible outcome is equally likely to occur. Thus, we have a
uniform distribution.

This problem involves a cumulative probability. The
probability that the die will land on a number smaller than 5
is equal to:
P(X<5)=PX=1)+PX=2)+PX=3)+PX=4)
P(X<5)=1/6+1/6+1/6 +1/6 =2/3
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Bayes theorem d s Ay el

:OMP(E) >0 3S 4e slailA A, A, .y A ALl Slaal) sa) aeE &aall g 13)
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i=1
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P(ALIP(E . AyL)

I

S P(ADP(E/A)
o1

0.70 = 0.60
0.20 = 0.50 + 0.70 > 0,60 + 0.10 = 0.30

P(A, /E)= di=123...n

=0.7636
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P(A, /E)=

PAOPE/A,)

n A

SPA)OPE/A;)
i=1

(1/3) x (12/80)

i=123..n

(1/3) % (2/40) £ (1/3) x (6/60) + (1/3) % (12/80)
0.05

0,024+ 0.03 4+ 0.03
0.05
.10

=0.03

\RA%




(%) dbe
Cra Opadiial) dae (S g (Ayilgdl) ) A planl) Bala Gladel (ulde ADE G 2185
W% 100 A4 (e g LWk% QO Al (e s L9660 (S Y) A jiall
S 1 50%, AN L3 9360% Al A 570% A 9Y) dAudall B ladll dud cuils g
O Jlaial Lad Taali aa g g <Ol 998 G (pa Ll gidie Lila
il Jladial ga g 0588l alhe ziL BAY0Q.34 ) lsall) AUl A yaal) (e 0 8S0
0.71 R
|
250 g A (e laal) Lk £ gans
250/60 35 A5Y1 de pdall G il Jladal
250/90 b A A jdall G U fLadal
250/100 3 45181 A jdall fa il Jlada

k=3 ¢ laaliilpe Sy N of s E o i



P(A I A
PA/E)= (A )P E “)_ i=123...n

ZP(A WE/A,)

i (90/250) % 0.60
(60/250) % 0.70 + (90/250) x 0.60 + (100/250) * 0.50
g

0170224020

022

0.3

=0.37

yva




(°) Jua
AV el gan) A Ay V) ighial) Jiail T pae 18 (e At il
s agia J oY) ciall (e slacig
Olialda agia ALY Cal) (e slacis
Gl 4D agie G Chall (a slae 6
Gl agla ) ) Cial) e ;%934
Q9SS O Jlada) Lad ddua 43) 22 59 Ll pdic Adall) 038 (e f guiae 4
0.25 )<l 5l)) Sl Caall (pa ddUall oA
:Jadl
Js¥) il (e g LA Jlialdg 8 slacy) £ sana
4/18&10 (+96/18 S (a95/18 (AUl dall (033 /18 oA
:ulﬁk 4 ¢ e UAL}UAQ il Chm.d\ Ol AR o ua



PAREA) | o

P(Ak IRy
' ZP(A P(E/ A, )

: (6/18)  (3/6)
(3/18) % (113) + (5718) X (2/5) + (6/18) % (3/6) + (4/18) x (2/4)
0.17
0.06+0.12+017+0.12
0.17

0.47
=0.36
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Some probability distributions : &=Ll Adlaia¥l Cilay § ill an

1- The Binomial Distribution: ¢yl g3 a3

B Sial) Alfiecal) Y glaall (zlady Jeid) Usd gl gaa Cpailil) i Al gedial) quladly Gaidy &) g8
ld Ay et dpr La g2 9 a8 o) A ) ¢ (Aol s gl (Hod aae dagiild a N B R G e S
A5 Ja gyl (g8 A (paal)
ol gl g2 g Jad g lad Jad Baa g Aol dand Al gl JS (1
q=1—-p «1=qJdll Juial+p) gladll Juialg (2
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P(0) =5, (16)" (516)° -0 = 1x 1 x 0.33490 = 0.334%0

P(1)=°C, (16)! (516)° - = 6 (1/6) x 0.40188 = 0.4018

AT Jgta A gl gl nay o
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2- Poisson Distribution: Og) 93 2 80

P(x)

e’
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0.9382 1.54
1-0.9835=0.0162 -1.14
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L5 s ol e b e 043 o 8 Al = Ly L
(0.9332-1)- (0.6664 - 1)=
0.0668 - 0.3336 =
02668 =

PL043>T>-15=[1-PEZ <043)]-[1-PEZ <13)]

=(1-0.6664) - (1-0.9332)
=0.3336 - 0.0668
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0.43 s 1 Aol gda b g 1.5y o Aalcall = At Aalocal

0.6664 — 0.9332 =
0.2668 =

P(043 =L <=1.53)=P(L =<1.53)-P(Z =0.43)
=0.9332 — 0.6664
=0.2668
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