Integrating Composite Trig Functions

When you need to find the integral of the product

of two or more trig functions, things get more
complicated.
Sometimes you luck out and get something likethis' ...

Fx = _[ sin?X cosX dX

Then you can just do a substitution-...

u =sinX ,~ du = cosXdX

That gives youg..

Fx =Ju4du
Fx) = %. u + C

Fix) = %. sin®X + C

That was an easy one.



Here's one that's not so easy ...

Fx) = J sin°Xcos3XdX

What would you do with this one?
The u and du trick won't work here, .
because the exponent on the cos is not right.

The trick we can use here, is to use the.identity ...
= 2 AV
SIN“X + cos“ X~k

With this, we can change all of*the powers of cosX

except one into sinX,
then we can do the u and 'du substitution.

Watch ...



Fx) = ,-sinSXcos‘?XcostX

Fx) = ,.sin5X(1 - sin?X)cosXdX

Fx) = ,.(sinSX - sin’X)cosXdX

Fox) = ,.sinSXcostX - Jsin7XcostX
u=sinX du=cosXdX

Fix) = _.u5du - ju"'du

F(X)=%u6-%u8+C
_1
6

sin®X - % sin®X + C

That trick works great as long-ds»one of the two
(sinX or cosX) is raised to:an.odd power.

If we had something like'sin3Xcos4X,

we would have used_ the.same identity to change

all but one of the(sihX's to cosX and then let u = cosX
and du = -sinXdX.

No big deal.

The_problem comes, when both sine and cosine
are'raised to EVEN powers.



Example:
Fx) = _[ sin*XcosZXdX

The u and du trick won't work here.

We need a different trick.

We still use the same identity equation.

But here, we use it to change EVERYTHING

into either sine or cosine.

You can do whichever you like, it really doesn’t matter.
Let's turn everything into sines.

Fx) = Jsin“X(l - sin2X)dX
Fx) = j(sin“X - sin®X)dX
Fx = JsinaXdX - [sin6XdX

Now we needtone of the reduction formulas from the
last page.
The particular one we need is ...

 (n-1) ,
[ sinnaxdx = - sin""aXcosaX , n-1 [ Gin(n-2 X dx

The answer is going to be pretty long.
Do the two integrals as separate things ...



.sin4dX — _ sin’X cosX _§I sin?XdX
’ 4 4
el — _ sin°’X cosX 3 (sinX cosX) 1 l
J sin*dX 4 -4(———2 )+2 dX
* IRy | .
. 4 _ sin"X cosX _ 3 (sinX cosX) , 1
JsintdX = - 7500 - 3 (BN 3 X+ C
and ...
- < 1B
| sin®XdX = - g\_)%co_s)g+§[ sinsXdX
.sm6XdX — . sin’X cosX 5(sm X cosX 3] sin?XdX
: 6 4
sm6XdX _— sm5X cosX 5(sln3x cosX) szzcosX + 1 ] dx
:sin6XdX — . sin X cosX 5_(5 n’X cosX) M) + %—X A g

Putting this all together and simplifying a bit,
we get ...

Fx) = Isin4XdX - [sin6XdX

o3 . + .5
_ sin"X cosX _ 3 (sinX cosX), 1 sin’X cosX
F(X)-—-——4 4(————23 )+2X+——6 +
5(sin’X cosX) 3(sinX cosX) _ 1
5( ) + §enXosX) . 32X + C

sin°X cosX _sin X cosX +C

Fix) = 6 7




You might see a hint of a pattern here.
You'll see more of that pattern on the following pages!

Remember that any trig term can be turned into
sines and cosines ...

— sinX — cosX e gt
tanX—m cotX inX secX g, cscX e

and will boil down to one of the problem types
that we just did.

OR ..
. n nx
Foo = J.Esé%( dX or Fx= J j:i%fiﬁy dX

If the exponentsion-sinX and cosX are the same,
we are home free.
These puppies-become ...

F(X)=j tan™X dX or F(X)=J cot™X dX

Then we can use the reduction formula for tanX or
cotX.



trick.
Actually, what we need is a new reduction formula or
two.

We need ...

| 2 in(n-1) m+1 o s
Jsin"aXcos™aXdX = - sin""aXcos®aX | n-1 [ ;n(n=2xcogmaXdX
a(m + n) m+n

.1 int+1) - :
Jsin™aXcos™aXdX = sin" ' "aXcos® TaX , m—1 [ gnaX oot - 2laXdX
a(m + n) m+n

REMEMBER:

. ..n
%‘)2—,[;;% = sin™aXcos™ MaX

The stratégy with these puppies goes like this.

If the humerator exponent is even,

go through the reduction formula as many times as
needed,

to make the numerator go away.

The you will be left with 1/(trig function).

That can be rewritten as either secant or cosecant.



Then use the reduction formula for that.

BUT, if the numerator exponent is odd,

we do something different.

We go through the reduction formula as many times as
needed,

to make the numerator EXPONENT be one.

Then we use u and du substitution.

The numerator will be du,

and we will wind up with In(something).for the last
term.

Example:

Fx) = ,’csc4Xcos3XdX

Fx) = | —5=cos3XdX
sin ' X
~ 3X
Fox) = | €52 dX
Y= sin®X

use the g.% reduction formula:

Fix) = I sin” 4Xcos3XdX

R 2X ’
Fox) = Sm_4x+“;s + _42+ 3J sin” #XcosXdX




Simplify ...

Fix) = - % - 2Jsin' X cosXdX

sin

In the integral part, substitute ...

u=sinX du=cosXdX

zX z
F(X)=-%§-2,[u 4du

F(X)=_COSX_2(__ -3)+C

Simplify ...
- cos X
B0 = - o 3—u; +C
u=sinX, so ...
_ cos*X 2_ 4+ C
Foo = - 53 * 3ein’X

Youean find a common denominator,
and simplify from here if you want.

OK, that was one with an odd power of sine or cosine
in the numerator.



Now let's do one with an even power of sine or cosine
in the numerator ...

Example:

Fx) = ) sec3Xsin2XdX

Foo = | —2—sin2XdX

cos3X

L,
Foo = de
X = cos’>X

Use the %’% reduction formula:

Fx) = JsinZXcos' 3XdX

_ _ sinXcos™?X 1 -3
Pxi=e ="y +_3+2Jcos XdX

Simplify a bit ...

— sinX _ 3
Foo = =55 I sec’XdX

Use the-secant reduction formula ...



Fix) = sinX _ sechtanX -%—JsechX

cosZX
Fx) = CS;;‘%( - secxzta“x —% In | secX + tanX| + C

Simplify a bit (secX = ?glgg,‘ tanX = i;‘;" ):

_ sinX sinX 1
Fx) = 052X ~ 2c0s2X >In | secX + tanX | + C

—_sinX 1
Fo =507 - 21n | secX + tanX | + C

Integrals Involving Trig Functions

In this section we are going to look at quite a few integrals involving trig functions and some of
the techniques we can use to help us evaluate them. Let’s start off with an integral that we
should already be able to do.

jcos xsin’ xchi2 jus di using the substitution u = sin x

L.
= =S X+ ¢
6

Icos xsin® xdx = Iuj e using the substitution w = sin x

1

=—sin® x+c
&

This integral is easy to do with a substitution because the presence of the cosine, however, what
about the following integral.



Example 1 Evaluate the following integral.
D
J.S]_Tl x dx .Ilsinj xdx

Solution

This integral no longer has the cosine in it that would allow us to use the substitution that we
used above. Therefore, that substitution won’t work and we are going to have to find another
way of doing this integral.

Let’s first notice that we could write the integral as follows,
) ) ) ) "
_[511‘15 xdx= Ism4 xsinxdx= _[(311‘12 x) S X dx
2

Isinj fdx = Isin‘* X xdrs II-(sin2 x) SN X%

Now recall the trig identity,
cog’ x+sinx=1 = sin’ x=1— cos’ x

cost x e S =1 = sinx=1-cos® x

With this identity the integral can be written as,
) 4,
jsm5 xdx'=s j(l ~cos’ x) sinxdx

2

Isinj redx = .I-(l—c(;:-s2 x:l SN xdx

and we can now use the substitutiondd = COS X 1 =coz x. Doing this gives us,

jsin5 Xy = —J.(l—urz)2 i

= —J.I— 2 +u’ du
3, 1 s
=—|#——t +—u |+c
3 5
2 1

3 5
= —CDSX—I—ECDS X—ECDS X+c




sin” xedx=—|[1-u? chu
I (=)
= —Il— 22 4t du

:—[u —%u3+lu5]+c
3 5

3 5
=—rCas x+§|::os x—gcos X+

So, with a little rewriting on the integrand we were able to reduce this to a fairly simple
substitution.

Notice that we were able to do the rewrite that we did in the previous example because the
exponent on the sine was odd. In these cases all that we need to do is strip out one of the
sines. The exponent on the remaining sines will then be even and we can easily convert the
remaining sines to cosines using the identity,

CDSE.I-FS]-IIEX:I cagtatein x=1
1)

If the exponent on the sines had been even this would have been difficult to do. We could strip
out a sine, but the remaining sines would then have an odd exponent and while we could convert
them to cosines the resulting integral would often be even more difficult than the original
integral in most cases.

. Let’s take a look at another example.

Example 2 Evaluate the followingintegral.
J.siﬂﬁ xcos® x dx

.I-sin's xcos® xdx
Solution

So, in this case we’ve got beth sines and cosines in the problem and in this case the exponent on
the sine is evenWhile thesexponent on the cosine is odd. So, we can use a similar technique in
this integral. This time we’ll strip out a cosine and convert the rest to sines.




jsiﬂﬁ xcos’ xdx = |sin® xcos? xcos xdx

= sinﬁx(l—smjx)cosxdx U=8MX

- [u (l—ur2 )du

= |u® -t du

1 . 5 1 .,

= —§IN X——8§IN X+C
7 9

_I-sin's xcos® xdr= _I-sin's xcos® xcos xdx
=_|-sin'5x(1—sin2x)cc::sxdx i o=cif X
= _I-u'j (l—u:’:l.:iu
= .I-u's —1® du

1.4 1

. ]
= —5lfl X——35In X448
7 9

At this point let’s pause for a second to summarize what we’ve learned so far about integrating
powers of sine and cosine.

X H xmn
J.sm A CcoR™ x dy Ismnxmmm
(2)

In this integral if the exponent on the sines (n) is odd we can strip out one sine, convert the rest to
cosines using (1) and then use the substitution ¢ = COS X u =cosx. Likewise, if the
exponent on the cosines (m) is odd we can strip out one cosine and convert the rest to sines and

the use the substitution #§ = S111 X 8= sin X,

Of course, if both exponents are odd then we can use either method. However, in these cases it’s
usually easier to convert the term with the smaller exponent.

The one case we haven’t looked at is what happens if both of the exponents are even? In this
case the technique we used in the first couple of examples simply won’t work and in fact there
really isn’t any one set method for doing these integrals. Each integral is different and in some
cases there will be more than one way to do the integral.
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With that being said most, if not all, of integrals involving products of sines and cosines in which
both exponents are even can be done using one or more of the following formulas to rewrite the
integrand.

1
cos’ x = E(l + 005(2.1:))

2. 1
sinzx:l(l—cos(Zx)) Cos x—§(1+cos[2xj:l
2 singx:%[l—cos[zxj)

SINXCOSX = %sjn(Zx)

S XCOSE =lsin [Ex)

The first two formulas are the standard half angle formula from a trig class written in a form that
will be more convenient for us to use. The last is the standard double angle formula for sine,
again with a small rewrite.

Let’s take a look at an example.

Example 3 Evaluate the following integral

= 2
ST X COS” x dx .I-sinjxcoijdx

Solution
As noted above there are often moréithan-one way to do integrals in which both of the exponents
are even. This integral is an example-of that. There are at least two solution techniques for this

problem. We will do both solutions Starting with what is probably the harder of the two, but it’s
also the one that many people ‘see-first.

Solution 1

In this solutionswewwill use the two half angle formulas above and just substitute them into the
integral.

jsiﬂ2 xcos? xdx = J%(l—cos(l‘f)) ;— (1—|—cos(2x))dx

1
:1_[1—(::052 (2x )clx




[sin® xcos® xdx =j;_[l—.:c.s[zx))G)[Hms[zxj)dx
1

=Z-|-1—|:-::-s:4 [2x)dx

So, we still have an integral that can’t be completely done, however notice that we have managed
to reduce the integral down to just one term causing problems (a cosine with an even power)
rather than two terms causing problems.

In fact to eliminate the remaining problem term all that we need to do is reuse the firsthalf'angle

formula given above.
¥

. 1
_[511*12 xcoslxdx=

1—%(1+cos(4x))dx

o’

ﬂl—lcos(él.x)dx
2 2

%x—%sin(élx) +¢

4
1
4,
1
vy

= lx— Lsin(élx)ﬂ?
& 32
.I-sing xcos? xa"x:%j‘l—%[l+cos[4xj)dx

1171

1
:ZIE—Ecostjdx
:l(lx—lsin [4x:l]+c

4.2 B
= lx— Lsin [4):) +c
B 32

So, this selutionrequired a total of three trig identities to complete.

Solution'2
In this,solution we will use the half angle formula to help simplify the integral as follows.




J.siﬂ2 xcosl xdx = I(sm X COS .:1:)2 dx

1 2
= Esin (2.1:) dx

:ijsiﬂ2 (2x)dkx

.oa a . a
_I-sm XCos xcix=I[51n xcosxj o

:j(%sin [2:{)]2 i

1¢ . 2
= 2 Ism [2 xjdx
Now, we use the double angle formula for sine to reduce to aniintegral that we can do.

jsin2 xcosd xdx = éjl— cOs (4x)dx

N l.7!4:—isin(4.x)+ C
3 32

.I.sinz rooEt xadx =é-|.1— Cos [4):).:1’):

:lx —isin[4x:l+c
8 32

This method required only two trig identities to complete.
Notice that the differencébetween these two methods is more one of “messiness”. The second

method is not appreeiably easier (other than needing one less trig identity) it is just not as messy
and that will often“translate into an “easier” process.

In the previous example we saw two different solution methods that gave the same answer. Note
that this will not always happen. In fact, more often than not we will get different

answers. However, as we discussed in the Integration by Parts section, the two answers will
differ by no more than a constant.

In general when we have products of sines and cosines in which both exponents are even we will
need to use a series of half angle and/or double angle formulas to reduce the integral into a form
that we can integrate. Also, the larger the exponents the more we’ll need to use these formulas
and hence the messier the problem.
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Sometimes in the process of reducing integrals in which both exponents are even we will run
across products of sine and cosine in which the arguments are different. These will require one
of the following formulas to reduce the products to integrals that we can do.

Sin /608 f =

sm(a—ﬁ)ﬂin(wﬁﬂ

sin ¢sin f =

:cos(ce—ﬁ)—cos(wﬁﬂ

R e e

COS{ICOSﬂ:E{Cos(d—ﬁ)ﬂos(&%-ﬁﬂ
sifl &Cos ﬁ:%[sin (a— 8 +sin @+ ﬁ):l
sin a'sinﬁ:%[cos[ﬂ— ) —cos(as ﬁ:l:l

cosacos 8= %[cos (@— S)Moes I[€I+,5:|:|

Let’s take a look at an example of one of these kinds of integrals.

Example 4 Evaluate the followinguintegeal.
J.cus (15x) COS (4x)dx
I Cos (lﬁx) Cos [4;{).:1’;{

Solution
This integral requires the last formula listed above.

jcos (15.1:) cos(élx)dx = %J.cos(l lx) + cos (19.1:) dx

1{ 1 . 1 .
=3 ﬁsm(llx)JrEsm(le) +¢




Icos [15:{) cos [4,1).:1’;: = —; Icos [1 lx) +cos [19;{) dx

=—;(1—115in [11x3|+11—95in|[19x:]] +e

Okay, at this point we’ve covered pretty much all the possible cases involving products of sines
and cosines. It’s now time to look at integrals that involve products of secants and tangents.

This time, let’s do a little analysis of the possibilitiecs before we just jump into examples. The
general integral will be,

jsec” xtan™ x dx

Isec” xtan™ x %

@)
The first thing to notice is that we can easily convert even powers of secants to tangents and even

powers of tangents to secants by using a formula similar to (1). In fact, the formula can be
derived from (1) so let’s do that.

sin’ x+cosx=1

.9 7 sin® x+cost x=1
SN X  COS“X 1 L, )
+ — sin x costx 1
2 2 2 7=+ T 3
CcOR" X cOs X cOS X cos®x costx costx
tan’x + l=sec’ x tan®x +1=sec? x
(4)
Now, we’re going to want to deal with (3) similarly to how we dealt with (2). We’ll want to
eventually use one of the following substitutions.
¥=tanx it = sec’ xdx
# =8ecx it = secxtan xdx
i =tanx di = sec® xdx
i =SECXx gy = sec xtan xdx
So, if we use the substitution 2f = tamn x 1 =tan x we will need two secants left for the

substitution to work. This means that if the exponent on the secant (n) is even we can strip two
out and then convert the remaining secants to tangents using (4).



http://tutorial.math.lamar.edu/Classes/CalcII/IntegralsWithTrig.aspx#ZEqnNum613209
http://tutorial.math.lamar.edu/Classes/CalcII/IntegralsWithTrig.aspx#ZEqnNum613209
http://tutorial.math.lamar.edu/Classes/CalcII/IntegralsWithTrig.aspx#ZEqnNum572432
http://tutorial.math.lamar.edu/Classes/CalcII/IntegralsWithTrig.aspx#ZEqnNum885271
http://tutorial.math.lamar.edu/Classes/CalcII/IntegralsWithTrig.aspx#ZEqnNum683076

Next, if we want to use the substitution # = S2CX x =szcx we will need one secant
and one tangent left over in order to use the substitution. This means that if the exponent on the
tangent (m) is odd and we have at least one secant in the integrand we can strip out one of the
tangents along with one of the secants of course. The tangent will then have an even exponent
and so we can use (4) to convert the rest of the tangents to secants. Note that this method does
require that we have at least one secant in the integral as well. If there aren’t any secants then
we’ll need to do something different.

If the exponent on the secant is even and the exponent on the tangent is odd then we can use
either case. Again, it will be easier to convert the term with the smallest exponent.

Let’s take a look at a couple of examples.

Example 5 Evaluate the following integral.

_fse:c:g xtan® x dv [cee? xtan’ xdx
Solution
First note that since the exponent on the secant isn’t even we can’twuse the
substitutionf =tanx u =tanx. However, the\exponent on the tangent is odd and

we’ve got a secant in the integral and so we will be abletowuse the substitution I = SCCX
x =secx. This means stripping out a singleftangent (along with a secant) and
converting the remaining tangents to secants using,(4).

Here’s the work for this integral.

J.secg xtan’ xdv = |sec® xtan  xtan xsec xdx

. Z
= SECE.I(SECE.I—I) tan xsec xdx H=8ECX

. y
= ug(uz—l) i
= [u? =24+ o du

= —sec” x—zsec” erlsecg xt+c¢
13 11 9
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g 5
Isec xtan® xdx= |sec® xtan® xtan xsec xdx

2

Isec xlsect x - 1) tan xsec xdx L =3eCX
Iu u —1

= qu —2um+u efis

2 1
——sech——sec x+—sec X+
11 9

13

Example 6 Evaluate the following integral.
J.sec“ xtan®x dx

Isac“ xtan® x dx

Solution
So, in this example the exponent on the tangent is even so the substitutionif = SCCX
x =secx won’t work. The exponent on the secant is even and,so We Can use the

substitution zf = tanx u =tanx for this integral. That'means that we need to strip out
two secants and convert the rest to tangents. Here is the wark for this integral.

jsee4xtanﬁxdx: sec’ x tan® x e Xl
= .(1::-_11‘1'2 .x+1)‘[a:r1ﬁ xsec’ xdx #=tan x
= .(uz —|—1)uﬁdu

— | #5Fu® du

= —ta:rlg X +—ta:n? xX+c
9 7




4 & 2 6 3
Isec xtan xafx=|sec” xtan” xsec” xdx

(1:5:112 x+1)tan'5 xsec® xdx n=tan x

(uj +1:Iz.a:ﬁ i,

1 41t du

I
[ NS SN W —

1
9

g 1 7
tan x+?tan X+

Both of the previous examples fit very nicely into the patterns discussed above and so were not
all that difficult to work. However, there are a couple of exceptions to the patterns above and in
these cases there is no single method that will work for every problem. Each integral will be
different and may require different solution methods in order to evaluate the integral.

Let’s first take a look at a couple of integrals that have odd exponents on the tangents, but no
secants. In these cases we can’t use the substitution Zf — SCCX u =secx since it
requires there to be at least one secant in the integral.

Example 7 Evaluate the following integral.
jtanx dx Itanxaﬂ’x

Solution
To do this integral all we need to do is reeall the definition of tangent in terms of sine and cosine
and then this integral is nothing more than a‘Calculus I substitution.

SM1 X

J.tanxdx: dx #U=CO8X
COS X
:_Jl‘f“
Y,
:—]nlcosx1+c rlnx=Inx"
:]n|cosx1_1 + ¢

]11|sec:x|+c




sin X
.I-tanx.:fx=j dx H=CO5X

Cos X
1
:—j—du
i
:—1n||:osx|+c Flnx=1nz"

1
:1n|cos x| +c

In |s BC x| +c

Example 8 Evaluate the following integral.
jtan3 x dy [tae? xd

Solution
The trick to this one is do the following manipulation of the integrand:

J.tan3 xdx= | tan xtan® x.dx

= .tanx(secg x—l)dx

— [ tan x.$ec?x dx —jta:n xdx

Itan3 % dn= Itan xtan® x dx
= Itan x(snan::2 x—l)cfx

= Itan xsect xcfx—_[tan xfx

We can now use the substitution®, = tan x # =tanx on the first integral and the
results from the previoys example’on the second integral.

The integral is then,

jtan3 xdx = latanzx—hl|sec:x1+ c

1
Itan3 Tdxr= Etang x—ln |seu: x|+c

Note that all odd powers of tangent (with the exception of the first power) can be integrated
using the same method we used in the previous example. For instance,

Itarﬁ xdx= Itarﬁ x(se:::2 x—l)dx = Ita:rﬁ xsect xdy— Ita:rﬁ x cx




.I-tanj rdx= Itan3 x(sr&:n:2 x—l)dx :_I-tan3 xsec? x.:;t’x—ltm3 xedx

So, a quick substitution (2f/ = tamnx u =tanx ) will give us the first integral and the
second integral will always be the previous odd power.

Now let’s take a look at a couple of examples in which the exponent on the secant is odd and the
exponent on the tangent is even. In these cases the substitutions used above won’t work.

It should also be noted that both of the following two integrals are integrals that we’ll be seeing
on occasion in later sections of this chapter and in later chapters. Because of this it wouldn’t be a
bad idea to make a note of these results so you’ll have them ready when you need them later.

Example 9 Evaluate the following integral.
J.SEC x dx _[sen: el
Solution

This one isn’t too bad once you see what you’ve got to do, (By itself the integral can’t be
done. However, if we manipulate the integrand as follows,we can do it.

" sec®(sel x+ tanx)

jsee xdx= ax
y sec x+tanx
* 2
gec” x4+ tan xsecx
= dx
. gec x+tanx

secxlsec x+tan x
Isecxdx:j [ )cfx
sec x+tan x

2
gec” x+tan xsecx
= o

secx+tanx

In this form we ¢an do the integral using the substitution 24 = SeCx+ tan x
w =secx+tan x. Doing this gives,

jsecxdx: ]n|sec x+tanxl+ e

Isecxdx: 1n|secx+tan x|+c

The idea used in the above example is a nice idea to keep in mind. Multiplying the numerator
and denominator of a term by the same term above can, on occasion, put the integral into a form
that can be integrated. Note that this method won’t always work and even when it does it won’t
always be clear what you need to multiply the numerator and denominator by. However, when it
does work and you can figure out what term you need it can greatly simplify the integral.




Here’s the next example.

Example 10 Evaluate the following integral.
3
jsec xdx [sec? xan
Solution

This one is different from any of the other integrals that we’ve done in this section. The first step
to doing this integral is to perform integration by parts using the following choices for u and dv.

14 = SeCx dv = sec’ xdx

it = secx tan xdx v =tanx
Mo=gECX v, Ege 02 Rl
i = gecx tan xodx v =tan x

Note that using integration by parts on this problem is not an obvious ehoice, but it does work
very nicely here. After doing integration by parts we have,

jsecjx dx =secxtan x— _fsec xtan® x dx

Isec3xdx: secXtan x—Isec xrtan?® xax

Now the new integral also has an odd exponent @n'the,secant and an even exponent on the
tangent and so the previous examples of products, of.secants and tangents still won’t do us any
good.

To do this integral we’ll first write the tangents in the integral in terms of secants. Again, this is
not necessarily an obvious choice but,it’s what we need to do in this case.

J.sec:3 ¥y = secx tan x— jsec x(sec2 x— l)dx
—gecxtan x— _[3603 xdx+ jsec xdx

Isec3 xdr=sgecxtan x—_[sec J':(SEH:2 x—l)dx

= zeC X tan x—Isec3 x.:fx+_[sen: xdx

Nowjwe can use the results from the previous example to do the second integral and notice that
the fitst integral is exactly the integral we’re being asked to evaluate with a minus sign in
front. So, add it to both sides to get,

2_[5&(:3 xdx=secxtanx+ ]11|secx+ tan .x|
2[5&(:3 rdr=zecxtan x+1n|secx+tan x|

Finally divide by two and we’re done.




_[5603 xdx= %(secx tan x+]11|secx + tanxi) +c

Isec3 xcix:%[secxtm x+ln |sen: x+tan xD +c

Again, note that we’ve again used the idea of integrating the right side until the original integral
shows up and then moving this to the left side and dividing by its coefficient to complete the
evaluation. We first saw this in the Integration by Parts section and noted at the time that this
was a nice technique to remember. Here is another example of this technique.

Now that we’ve looked at products of secants and tangents let’s also acknowledge that because
we can relate cosecants and cotangents by

1+C0t2x=CSC2I 1+cot? s=csed x

all of the work that we did for products of secants and tangents will also work for products of
cosecants and cotangents. We’ll leave it to you to verify that.

There is one final topic to be discussed in this section before moving on.

To this point we’ve looked only at products of sines and cosines and products of secants and
tangents. However, the methods used to do these integrals can also be used on some quotients
involving sines and cosines and quotients involving secants and tangents (and hence quotients
involving cosecants and cotangents).

Let’s take a quick look at an example of this.

Example 11 Evaluate the,following integral.
Sl]‘lT X
fx

dx an’ x
COS4 X

]
COs8 X

Solution

If this were a produet of sines and cosines we would know what to do. We would strip out a sine

(since the.exponent on the sine is odd) and convert the rest of the sines to cosines. The same

idea will'work in this case. We’ll strip out a sine from the numerator and convert the rest to

cosines‘as follows,
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—7 7
sin’ x sin X .
J—4dx: —45111.de
CO8 X J cos' x
i 2 3
(sm x) _
= —4$mxdx
CO8 X
3
”(l—coszx) _
= - SI1 X X
CO8 X

dn’ x " 2in® x
j T dr= T sin xdx
cos X J Ccog X
3
.

(sm2 x) :
= | —F——sm %
Cos X

(1-=gosd% ]
( )

=| = —sin xdx
J Ll
At this point all we need to do is use the substitution’?f = COS X u =cos x and we’re
done.
.7 1 2 3
sin’ X ( —u )
cos X i

—ju‘4 — 33— du

= — —lL—l— 3l+3u—lu3 +c

3u’ U 3

1 3 1 3
= — —3cosx+§cos x+c

3cos’ x cosx




jmn4xdx= —J‘Qd&c
cos X b,
= —.Ilu_'* — 43—

—[—li+31 +3u —%u3]+c

3y e,
1 3

3008 X CORX

1
— 3cog x+§|::-::|53 x4

So, under the right circumstances, we can use the ideas developed to help us deal with products
of trig functions to deal with quotients of trig functions. The natural question then, is just what
are the right circumstances?

First notice that if the quotient had been reversed as in this integral,

CDS4 X

sin’ x

ax jm* x

we wouldn’t have been able to strip out a sine.

cos” fi’x J cos’ x oy

Slﬂ X Slﬂ X S]Il.x
1
J‘cosj‘x X_J‘c::}sﬁx 1
ghex an” x osin x

In this case the “stripped out” sine remains in the denominator and it won’t do us any good for
the substitution #{ = COS X u = oz x since this substitution requires a sine in the
numerator of the quotient. Also note that, while we could convert the sines to cosines, the
resulting integral would still be a fairly difficult integral.

So, we can use the methods we applied to products of trig functions to quotients of trig functions
provided the term that needs parts stripped out in is the numerator of the quotient.




Trigonometric Integrals

Even Powers of sin X or cos X:

Apply the sine and cosine half-angle:

. 2 1-cos2x 5 14+cos2x
11 x:T COS IZT

_[ cos’ x dx

2
ICDSEIcix:I{ ||1+c;:-52xJ .:ix:_[ 1+c;:-52x gy =

lj (l—i—cns Z.x)cixz l x-l—lsinz,x +C= l.:s:+lsi112x +C
2 2 2 2 4

_[ sin*x dx

jsen4.xdx :j ﬂ zciIZ-[ 1- 2C0521+c0522xd}::
2 4

:i_[ @x —i_[Zcostaix -I—i_[ cos® 2xclx =

1 1 lj1+cos4xdx:
4 2

=—x——sin2x+
4 4




:l.x——.s*m Z.X-I—lx-l—i,s*mﬁlx—l—rﬂ

:E.x—lsmz.x+i,sm4.x+r:’
8 4 32

Odd Powers of sin x or cos X:

Relate sine and cosine using the formula:

sin‘x + cos®x =1
. 3
_[sm Xix
- 3 N _ 2 . _
j SN .x.:ix—jsm X sen.xcix—j (l—cos .x)smx.:ix—
- 2 - ]. 3
_[ (smx—cos x smx)cixz—cos.x-l——cos x+C
3
jcos S ok
3 _ 2 _ = 2 _
j COS .x.:ix—j cos“x cos.x.:ix—j(l—sm .x)cos.x.:ix—
_[(cos.x —sin’x cosx)cix = _[ COSX 2% —_[ sin‘x cos xdx =

j cos.x.:ix—%j 3sin“x cosxcixzsinx—%sh% +C




jcosj.x clx
_[ cos’ x cixzj cos4xcosxcix=_[ (l—smzx)z COS Xy =
z_[ CO8X (Ix — 2_[ sinx cosxcix-l—_[ sin’x cosx dx =

5

. 2 . 1 .
—sinx——sinxt—sinx + O

With an Even and Odd Exponent:

The odd exponent becomes ongeweMand one odd.

_[sixﬁx cos’ xdx
.5 2 « : ot 2 —
_[ SINT% COS x-:ix—_[ SInx sinx cost xdxy =
A 2
zj(l—cos x) Sinx cos“ xdx =
N\ _[ (1— 2 cos” x +cos’ .x) sinx cos® xdx

2 . 4 . & .
z(j cos” x sinx —2cos” x sinx+cos .x.s*mx).:ix

:—lcofx-l—zccuij—lcos?x +
3 5 7




The change of variable can also be made t = sin x or t = cos X

_[ sin*x cosxdx

sinx =1
it
CO8 X fx = ot @x =
COS X
) it 1 .
_[51114:5: msx-:ixzj.t“msx zzjtqcir:ts+C:—51nsx+C
COS.x 5
_I-c:osgxsin3x.:£x
cosx ="
) it
—sin x dx st dx = ——
Sin %

at

2 =3 2 =3
jcos X &in .xcix:—jr SN~ x
sin x

= —_[ # sin’x gt =

— _J' £ (1-cos’x) dt == —J' £(1-£7) dt = —J' (£ —t*)at =

:_1;34_135 +C=—lc053x+lcossx+c
3 5 3 5
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jsin3 X
oS X

-sinx dx = dt dx = - _dt
sin x
sinx(l—fz) dt 1—t2d dt d
_-[ t sinx =_-[ t t=- ?+-[t t=

—Ini“+1t‘2 + C:—In[cosxj+1coszx +C
2 2

Products of Type sin(hx) - cos(mx):

Products are transformedYméo \stwns:

) 1r . )
sinA cosB = E[srn(A+B)+sm[A—B)]
s A sinB = 1[sr'r.-[»fH B)— s:'n[A— B)]
2
1
wsA.cos B = E[nt:t::-s [A+ B) +CDS(A— B)]

SinNA. sinB = - [CCIS A+ B)-cos(A- B)]

M|




_[ Sin 35 o8 23 %

CO85x

:lj(sinﬁx-l—senx)dx:l[— —cosx] +C
2 2
I cos5x sin 3w dx
_[cosSx sin3x dx = %_[ (sin8x - sin2xdx =
=—ic058x+1m52x + O

16 4

_[ cosdx cos2x dx

_[ cosdx Cos2X dx = l_r[cos 6X +C082x) dx =
A

= ls.f'r”.'i.’:'-}x:+154r'.r12}x: + O
12
I Sin SuNsih 7 s clx

sin3x sinfx dx = - 1 cos10x —cos|[-4x) |dx =
: (-4x)

cos (-4x) = cos 4x

—lj coslOxdx + £_[r:c::us A b = —l—smle + lsa’n ds + O
2 2 20 =




