Integration by Parts
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1. Repeated Use
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f x3 Inx dx ; Let:u=lnx,du=7; dv = x3 dx,
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b) | %“Q

xsec 2xdx ;, Lettu=x,du=dx; dv=sec?xdx,v=tanx

fxsec dx =x tanx—ftanx dx

:Q%rx + In|cosx| + C

sz e*dx ; Let: u=x%du=2xdx; dv=e*dx,v=e*

-'-szexdx=x2ex—2jxexdx



Also:

fxexdx=xex—f e*dx=xe*—e*+C

-'.fxzexdx=x2ex—2fxexdx=xzex—2xex+26x+C

d) .
fo sin~1(x?) dx; ; Let: u = sin"*(x?),du = %; dv = 2x dx,v = x>
f 2x sin~1(x?) dx = x?sin"}(x?) — xz.%
= x?sin™1(x?) — j% = x?sin"1(x?) — f 2x3(1 — xHaRdx

=x%sin"1(x?) +J1—-x*+C

fex cosxdx ; Let: u=¢e%,du=e*dx; dvE=osxdx, v =sinx
f e*cosxdx = e*sinx — f e” sin xNdx»
Again,j e*sinx dx;Let:u = e du'=e* dx; dv =sinxdx,v = —cosx
j e* cosxdx = e*sinx +e* cosx — J e* cosx dx
Zfex cosx dx =e*(sinx + cosx)
ex

jex COS. %%, = 7(sinx + cos x)

2. Tabuda®integration

TFhetintegrals of the form:[ f(x).g(x)dx, in which f can be differentiated repeatedly to

become zero and g can be integrated repeatedly without difficulty, are natural candidates for

integration by parts.

Example 1: the same previous example:



fxz e*dx

Solution:

f(x) =x?% and g(x) = e*,welist:

f(x) and its derivatives g(x) and its integrals

fxz e¥dx = x?e* —2xe* + 2e*+C QQ
N
>

Example 2: Evaluate the following integral: \Q
f x3 sinx dx

Solution: Nf._}

f(x) and its deri S X) and its integrals
x) : Au@% 9(x) g

x (+) sin x

Q@g _\(KV’cosx

6x (+) —sin x

\) ' 6 “cosx
g 0 \ sinx

;;x3 sinxdx = —x3 cosx + 3x%sinx + 6xcosx — 6sinx + C

Example 3: Evaluate the following integral:

J(x2 — 5x) e*dx



Solution:

f(x) and its derivatives g(x) and its integrals

x? — 5x (+) e*

f(x2 —5x)e*dx = (x?> —5x)e¥ — (2x —5)e* +2e* +C

Example 4: Evaluate the following integral:
/2
f x3 cos 2x dx
0

Solution:

f(x) and its derivatives g(x) and its integrals

E (+) cos2 X

X
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3x \(_)* sm2 X
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6x I —COZ X
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6 \(_)»_512 X
0 cos2 x
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3. Reduction Formula

Example 5: Evaluate the following integral:
f cos™ x dx

Solution: We may think that cos™ x as cos™ ! x.cosx . Then,
Let: u = cos™'x and dv = cosx dx
du=(n-—1)cos"?x.(—sinx)dx and v =sinx

Hence,
f cos™x dx = cos™ lx.sinx — f sinx. (n — 1)cos™ 2 x. (— sinfx)dx
= cos" tx.sinx + (n—1) j sin® x. cos™ % x dx
= cos" tx.sinx + (n—1) j(l — cos? x). cos™ %x dx
= cos" tx.sinx + (n—1) j cos™?2x dx~(n% 1) J cos™ x
If we add:
(n—-1) j cos™ x

To both sides of this equation, we obtain:

nf cos™x = cos™ lx.sinx + (n—1) f cos™2x dx

Then, we-divide both sides of equation by n

. cos™lx.sinx (n—1) -
cosx = + cos x dx
n n

n

The formula found in Example 5 is called a reduction formula because it replaces an integral

containing some power of a function with an integral of the same form having the power



reduced. When n is a positive integer, we may apply the formula repeatedly until the remaining

integral is easy to evaluate. For example, the result in Example 5 tells us that:

5 cos’x.sinx 2
cos x=#+§ cosx dx

1,2
=§cos x.smx+§smx+C

Homework #11

1. Evaluate the following integrals using integration by parts.

jxsex dx

fx3 Inx dx
fsin_ly dy
fe‘zx sin 2x dx

fﬁ (sin™*vx) da

2. Use integration by parts to establish the reduction formula:
fx” €oSx dx = x" sinx — nf x"1sinxdx
j(ln x)"dx = x(Inx)™ — nJ(ln x)"1dx

3. Show that;

/2 /2
f sin™ x dx =f cos™x dx
0 0



